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We examine a proposal by Sherson and Mølmer to generate polarization-squeezed light in terms of
the quantum stochastic calculus (QSC). We investigate the statistics of the output field and confirm
their results using the QSC formalism. In addition, we study the atomic dynamics of the system
and find that this setup can produce up to 3 dB of atomic spin squeezing.
I. INTRODUCTION
Many recent experiments in quantum information pro-
tocols and precision metrology have utilized the optical
Faraday rotation of light passing through spin polarized
atomic samples. Of particular interest to our discussion
is a recent article by Sherson and Mølmer, in which it is
shown that polarization squeezed light can be generated
by sending a cw beam or pulse of linearly polarized light
through an atomic gas twice in different directions (See
Fig. 1) [1]. For a proposal involving a similar experi-
mental setup in the context of atomic magnetometry, see
[2].
The aim of this paper is to analyze this experiment us-
ing the quantum stochastic calculus (QSC). After a brief
introduction to QSC, we describe the system in terms of
a quantum stochastic differential equation (QSDE). Us-
ing this model, we derive the atomic and field dynamics
of the double-pass system, confirming their results, and
furthermore, showing that the resultant atomic states are
spin-squeezed up to 3 dB.
II. THE MODEL
We consider an atomic gas in interaction with the
quantized electromagnetic field. (Our development of the
model closely follows the exposition in [9], where a single
qubit, rather than an atomic gas, is studied). As the in-
teraction between the gas and the field is symmetric, we
can characterize the atomic ground state by the collective
spin vector ~ˆJ . Furthermore, assuming that the atoms are
strongly spin polarized in the xˆ direction, we can apply
the Holstein-Primakoff approximation and introduce the
dimensionless variables (xat, pat) = (Jˆy, Jˆz)/
√
Jx. Set-
ting ~ = 1, these obey the canonical commutation rela-
tionship [xat, pat] = i.
The atomic gas is described by the Hilbert space of
quadratically integrable functions L2(R) and the electro-
magnetic field by the symmetric Fock space F over L2(R)
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FIG. 1: Sherson and Mølmer’s setup for the generation of
squeezed light. After transmission through a gas of spin po-
larized atoms, the polarization of the cw beam or pulse of
linearly polarized light is rotated with a quarter wave plate,
and it is then transmitted through the gas a second time from
a different direction.
(Hilbert space of single photon wave functions), i.e.
F := C⊕
∞⊕
k=1
L2(R)⊗sk.
The Fock space F allows us to characterize superposi-
tions of field-states with different numbers of photons.
The joint system of the gas and field together is given by
the Hilbert space L2(R)⊗F .
We examine the interaction between the gas and the
electromagnetic field in the weak coupling limit [3], [4], [5]
so that in the interaction picture, the unitary dynamics
of the gas and the field together is given by a quantum
stochastic differential equation (QSDE) as described by
Hudson and Parthasarathy [6].
dUt = {−L∗dAt + LdA∗t − 12L∗Ldt− iHdt}Ut, (1)
with L = α(p−ix)√
2
, H = 14α
2(px + xp), and U0 = I. (For
a derivation of the double-pass QSDE, see Appendix A).
Here, the operators L and L∗ are proportional to the
the annihilation and creation operators on the atomic
gas system and At and A∗t denote the field annihilation
and creation processes. Note that the evolution Ut acts
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2nontrivially on the combined system L2(R)⊗F . That is,
L and At are understood to designate the single system-
operators L ⊗ I and I ⊗ At respectively. Equation (1)
should be taken as a shorthand for the integral equation
Ut = I −
∫ t
0
L∗UτdAτ +
∫ t
0
LUτdA
∗
τ − 12
∫ t
0
L∗LUτdτ
− i
∫ t
0
HUτdτ,
where the integrals on the right-hand side are Hudson-
Parthasarathy stochastic integrals, and where the
stochastic increments satisfy the following rule [6], [7]:
Quantum Itoˆ rule Let Xt and Yt be stochastic inte-
grals of the form
dXt = CtdAt +DtdA∗t + Etdt
dYt = FtdAt +GtdA∗t +Htdt
for stochastically integrable processes Ct, Dt, Et, Ft, Gt
and Ht (see [6], [7] for definitions). Then the process
XtYt is itself a stochastic integral and satisfies
d(XtYt) = XtdYt + (dXt)Yt + dXtdYt,
where dXtdYt should be evaluated according to the quan-
tum Itoˆ table:
dAt dA
∗
t dt
dAt 0 dt 0
dA∗t 0 0 0
dt 0 0 0
i.e. dXtdYt = CtGtdt.
We now describe a simple notation (introduced in [9])
for expressing differentials of products of stochastic inte-
grals: Let {Zi}i=1,...,p be stochastic integrals. Then we
write
d(Z1Z2 . . . Zp) =
∑
ν⊂{1,...,p}
ν 6=∅
{ν},
where the sum is taken over non-empty subsets of
{1, . . . , p}. For ν = {i1, . . . , ik}, the term {ν} is ob-
tained by differentiating only the terms with indices in
the set {i1, . . . , ik} and preserving the order of the fac-
tors in the product. For instance, consider the differen-
tial d(Z1Z2Z3), which contains terms of type {1}, {2},
{3}, {12}, {13}, {23} and {123}. Applying the Itoˆ
rule, we have {2} = Z1(dZ2)Z3, {13} = (dZ1)Z2(dZ3),
{123} = (dZ1)(dZ2)(dZ3), and so on. (To avoid confu-
sion with the notation for references, we have used curly
braces {} instead of the square braces [ ] used in [9]).
III. DERIVATION OF THE JOINT
CHARACTERISTIC FUNCTIONS
In this section, we derive the joint characteristic func-
tions for the combined atom-field system. Although we
will not be using the input-output formalism [8], we
present it here for comparison with [1]:
xinat = Jˆy/
√
Jx dx
in
ph =
dAt + dA∗t√
2
xoutat = U
∗
t x
in
atUt dx
out
ph =
d [U∗t (At +A
∗
t )Ut]√
2
pinat = Jˆz/
√
Jx dp
in
ph =
dAt − dA∗t
i
√
2
poutat = U
∗
t p
in
atUt dp
out
ph =
d [U∗t (At −A∗t )Ut]
i
√
2
For the sake of simplicity in later computations, we have
defined xoutph and p
out
ph in such a way that [x
out
ph , p
out
ph ] = it.
As will be apparent later, once we have calculated the
variances for these operators, we rescale by a factor of 1/t
to obtain the actual variances for the modes that we are
interested in (i.e. the squeezed and anti-squeezed modes).
Applying the Itoˆ rule, and evaluating the products of
stochastic integrals using the Itoˆ table, we can express
the above input-output relations in the language of [1]:
xoutph (t) = x
in
ph(t) + αp
out
at (t) (2)
poutph (t) = p
in
ph(t)− αxoutat (t) (3)
dxoutat (t)
dt
= αpinph(t) (4)
dpoutat (t)
dt
= −α(xinph(t) + αpoutat (t)) (5)
As an example, we derive the expression for xoutph (t):
xoutph dt =
d [U∗t (At +A
∗
t )Ut]√
2
= {1}+ {2}+ {3}+ {12}+ {23}+ {13}+ {123}
A simple calculation shows that the terms {1}, {3}, and
{13} sum to zero, and from the Itoˆ table, we see that
third powers of increments (i.e. {123}) vanish, leaving
us with {2}, {12} and {23} to calculate:
{2} = dAt + dA
∗
t√
2
{12} = dU∗t
dAt + dA∗t√
2
Ut = U∗t
L∗√
2
Utdt
{23} = {12}∗ = U∗t
L√
2
Utdt
Summing the preceding terms, and substituting for xinph,
we obtain:
{2}+ {12}+ {23} = dAt + dA
∗
t√
2
+ U∗t
(L∗ + L)√
2
Utdt
= xinphdt+ U
∗
t αp
in
atUtdt
⇒ xoutph (t) = xinph(t) + αpoutat (t)
3For comparison with the results in [1], α should be
equated with κ, and as we have ignored damping, τ
should be set to 1.
Define F [t, k, l] and G[t, k, l] as follows (see, for in-
stance, [11]):
F [t, k, l] := 〈v ⊗ Φ | U∗t (eilp ⊗ eik
(At+A
∗
t )√
2 )Ut | v ⊗ Φ〉 (6)
G[t, k, l] := 〈v ⊗ Φ | U∗t (eilx ⊗ ek
(At−A∗t )√
2 )Ut | v ⊗ Φ〉 (7)
In this notation, F denotes the joint characteristic func-
tion for At+A
∗
t√
2
and p, while G denotes the joint charac-
teristic function for At−A
∗
t
i
√
2
and x. While in general, we
would need to calculate the joint characteristic function
for all 4 variables, in the particular system we are study-
ing, the function decouples into two independent compo-
nents. Here, F and G are expectation values taken with
respect to an x-polarized spin state of the atoms and the
vacuum state of the field, as described in the previous sec-
tion. Since we are interested in obtaining joint character-
istic functions, and not individual moments, the atomic
and field operators are given by complex exponentials of
the respective observables.
We can calculate F [t, k, l] and G[t, k, l] by solving par-
tial differential equations given by the following lemma:
Lemma:
∂F
∂t
= − 14 (αl − k)2F − α(αl − k)∂F∂l (8)
∂G
∂t
= − 14 (αl + k)2G− αk ∂G∂l (9)
where F [0, k, l] = G[0, k, l] = e−
l2
4 .
Proof: Let F (Z) := 〈v ⊗ Φ | U∗t (Z ⊗ eik
(At+A
∗
t )√
2 )Ut |
v ⊗ Φ〉 so that F [eilp] = F [t, k, l]. Using the notation
introduced previously, we have the expression dF [eilp] =
〈v⊗Φ | {1}+{2}+{3}+{12}+{23}+{13}+{123} | v⊗Φ〉.
Applying the Itoˆ rule and noting that the third powers
of increments vanish, we are left with the following dif-
ferentials to calculate:
{1} = dU∗t (eilp ⊗ eik
(At+A
∗
t )√
2 )Ut
{2} = U∗t
(
eilp ⊗ ( ik(dAt+dA∗t )√
2
− 14k2dt)eik
(At+A
∗
t )√
2
)
Ut
{3} = U∗t (eilp ⊗ eik
(At+A
∗
t )√
2 )dUt
{12} = dU∗t
(
eilp ⊗ ( ik(dAt+dA∗t )√
2
− 14k2dt)eik
(At+A
∗
t )√
2
)
Ut
{23} = U∗t
(
eilp ⊗ ( ik(dAt+dA∗t )√
2
− 14k2dt)eik
(At+A
∗
t )√
2
)
dUt
{13} = dU∗t (eilp ⊗ eik
(At+A
∗
t )√
2 )dUt
In the above expressions, dUt and dU∗t are given by equa-
tion (1). The terms dAt and dA∗t vanish with respect to
the vacuum expectation (see reference [7]) and we find
that {1}, {3}, and {13} give the following:
〈v ⊗ Φ | {1}+ {3}+ {13} | v ⊗ Φ〉
= − 12F [L∗Leilp + iHeilp]dt
− 12F [eilpL∗L+ ieilpH]dt+ F [L∗eilpL]dt
= F [L(eilp)]dt,
where L(Z) is the Lindblad operator given by
L(Z) = − 12{L∗L,Z}+ i[H,Z] + L∗ZL
Recalling that L = α(p−ix)√
2
, L∗ = α(p+ix)√
2
, and H =
1
4α
2(px + xp), we can expand the Lindblad term as fol-
lows:
F [L(eilp)]dt = F [− 12{L∗L, eilp}+ i[H, eilp] + LeilpL∗]dt
= − 14α2l2F [eilp]dt− iα2lF [peilp]dt
= − 14α2l2F [t, l, k]dt− α2l ∂F [t,l,k]∂l dt
In the last step, we used the equality F [peilp] =
−i∂F [t,l,k]∂l . Summing the remaining terms, we have:
〈v ⊗ Φ | {2}+ {12}+ {23} | v ⊗ Φ〉
= − 14k2F [eilp]dt− ik√2F [L∗eilp + eilpL]dt
= − 14k2F [eilp]dt− ik√2F [
α(p+ix)√
2
eilp + eilp α(p−ix)√
2
]dt
= − 14k2F [eilp]dt+ αkl2 F [t, k, l]dt+ αk ∂F [t,l,k]∂l dt
Collecting like terms, we arrive at the expression stated in
the lemma. The initial condition is obtained by noting
that the atoms begin in a harmonic oscillator ground
state with σ2xat = σ
2
pat =
1
2 . As the Fourier transform of
a Gaussian remains Gaussian, we have that F [0, k, l] =
e−
l2
4 The derivation for G[t, k, l] proceeds analogously. 
We then arrive at the following solutions for the joint
characteristic functions:
F [t, k, l] = e−
1
2
h
σ2pat l
2+2σ2pat,xph
kl+σ2xph
k2
i
(10)
G[t, k, l] = e−
1
2
h
σ2xat l
2+2σ2xat,pph
kl+σ2pph
k2
i
(11)
where
σ2pat =
1
4 (1 + e
−2α2t) (12)
σ2pat,xph = − 14α (1 + e−2α
2t − 2e−tα2) (13)
σ2xph =
1
4α2 (3 + e
−2α2t − 4e−α2t) (14)
and
σ2xat =
1
2 (1 + α
2t) (15)
σ2xat,pph = − 14α3t2 (16)
σ2pph =
1
2 t+
1
6α
4t3 (17)
The expressions σ2 denote the variances and covariances
of the respective quantities. Recalling that [xoutph , p
out
ph ] =
4it, we define the normalized modes x˜ph = xph/
√
t, p˜ph =
pph/
√
t, so that [x˜ph, p˜ph] = i. Inserting explicit t-
dependence, we then obtain the following variances for
the normalized modes:
σ2x˜ph(t) =
1
t
σ2xph(t) =
1
4α2t (3 + e
−2α2t − 4e−α2t)(18)
σ2p˜ph(t) =
1
t
σ2pph(t) =
1
2 +
1
6α
4t2 (19)
Comparing equations (18) and (19) to the ground state
variances σ2x˜ph(0) = σ
2
p˜ph
(0) = 12 , we see that the double-
pass setup generates an arbitrary degree of polarization
squeezing, and from equations (12) and (15), at most
3 dB of atomic spin squeezing. Note, however, that
resultant states are not minimum uncertainty. Although
it is to be expected that for a linear system an initial
Gaussian state remains Gaussian, the derivation of the
joint characteristic function makes this fact explicit.
IV. DISCUSSION
We have used a quantum stochastic model to investi-
gate the dynamics of a system in which a laser beam is
sent twice through an atomic gas in different directions.
Using this model, we reproduce Sherson and Mølmer’s re-
sults demonstrating polarization squeezing of the output
field, and in addition, we show that this setup generates
a maximum of 3 dB of atomic spin-squeezing. The pri-
mary difference in using the quantum stochastic calculus
is that the derivation operates entirely in the time do-
main. While the time and frequency domain methods
are equivalent in the simple linear systems that we ex-
amine in this paper, the advantage of quantum stochastic
models is that they can be used to study non-linear sys-
tems as well.
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APPENDIX A: DERIVATION OF THE
DOUBLE-PASS QSDE
We begin with the familiar single-pass QSDE’s given
by the Faraday interaction Hamiltonian (see for ex. [10]).
dU1t =
{
−iαpdAt − dA
∗
t
i
√
2
− 14α2p2dt
}
U1t (A1)
dU2t =
{
−iαxdA
∗
t + dAt√
2
− 14α2x2dt
}
U2t (A2)
To derive the QSDE for the double-pass system, we
first divide up the light into pulses at discrete time inter-
vals and have each “piece” make multiple passes. Con-
sider the following:
U it+dt = U
i
t + dU
i
t = M
i
tU
i
t
= M itM
i
t−∆t...M
i
0U
i
0 = M
i
tM
i
t−∆t...M
i
0
where i = 1, 2; M1t = {I − iαp(dA
∗
t−dAt
i
√
2
) − 14α2p2dt},
and M2t = {I − iαx(dA
∗
t+dAt√
2
)− 14α2x2dt}. The last two
equalities follow by recursively applying the first and the
fact that U10 = U
2
0 = I. This expression is equivalent to
the series product in [12] and [13]. We can now write the
QSDE for the combined system as follows:
U21t+dt = (M
2
tM
1
t )(M
2
t−∆tM
1
t−∆t)...(M
2
0M
1
0 )
= (M2tM
1
t )U
21
t
⇒ dU21t = (M2tM1t )U21t − U21t
Expanding the above product using the Itoˆ table and
dropping the superscripts, we arrive at the double-pass
QSDE:
dUt = {−L∗dAt + LdA∗t − 12L∗Ldt− iHdt}Ut, (A3)
with L = α(p−ix)√
2
, H = 14α
2(px + xp), and U0 = I as
before.
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